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BUCKLING TESTS ON ECCENTRICALLY LOADED‘BEAM COLUMNS*

By J. Cassens

Formulas are obtained for computing the buckling load
of rods eccentrically loaded at each end, the computation
being extended in particular to the inelastic range. The
test results are graphically presented on three sets of
curves., Two of these, at least for the elastic range, are
independent of the material tested, The third set (see
charts 3a and 3b), which is independent of the material,
possesses greater clearness and is therefore used for com-
paring the test results with the thecoretical. On chart 6
a comparison is made betweoen the tuckling load of an ec-
centrically loadcd opon profilc and the torsional buckling
load of the same profile ccntrally loaded, TFor large slen-
derness ratios the eccentrically loaded rod can sustain a
greater load in the axial direction. :

NOTATION
f (cm®) cross—-sectional area of rod
a (cm) distance of outer fibers, with stre#s Tgs
from neutral axis
J (cm®) moment of.inertia, J = i%s
i (em) radius of gyratiom
W (cm?3) resistance moment
e (cm) Aeccentricity (fig. 1)
u, L(cm) see. fig. 1
A= 1/i slenderness ratio of rod
8y (cm) deflection at conter of rod
v (cm) deflection of neutral axis, v = f(u)
*"Knickbiegoversuche." Luftfahrtforschung, vol., 17, no, 10,

October 26, 1940, pp. 306-313.
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E  (kg/cm®) elastisity modulus.
T (kg/em?) buckling mbdulué, according to Engesser
P (kg) - axiai”i;aa A
M (en kg) moment, atfunctibn of the axial load P
‘Pg.. (kg) axial load in failure
Py (kg) | bﬁckiing load: Py = m2£T/N
PEo (ké) "Fuler load: PEo = ﬁngﬁf -

i

o}
2

2 o T Eo
o (kg/em® stress
0, (kg/cm?® stress in outer fiders in féilure from

bending and axial load
Oy (kg/cm2) buckling stress: Og = meT /A2
o) (kg/cm®) buckling stress of Euler load: Op = ﬂaE/?\z2
) o)

o (kg/cm®) 1limiting stress for which the Euler formula
ceases to be valid '

Ogy (kg/cm2) axial stress at centef“of'gravity during
' failure

Og (kg/cm®) Dbending stress (fig, 2)
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“1; INTRODUCTION -~ oo

There are several problems in connection with eccen-
trically loaded beam columns, for which a theoretical solu~
tion. is as yet unavailable, A4lthough the problem may ve
theoretically formulated, it is necessary to.rely on tests
for an explanatiom and final solution, Two such problocms
are the following:

le In eccentrically loaded boam colunns, what impor-
tance should bo asgigned to the buckling mod-
ulus?

2. PFor which total stress P/f + M(P)/W is the bean
no longer able to suprort any increased load?

For the purpose of answering these questions the Focke-
Wulf firm has undertaken a number of tcsts on beams loaded
as shown in figure 1.

.2s COMPUTATIONAL FORMULAS

The beam deflgction was computed on the principle
of "passiwve work."* The defloction at the center &, is
obtained from the computation of the passive work 1 &p
performed by the assumed load "1" . this load acting at
the location in the direction of the recuired deflection: -
when the actual load P 1is applied to the beam, From the
known relation. there is obtained:

1 Sm =‘2 / ) > u) au
< EJ
o
- /2
2 .
1 [) Pvu
8 = C f  Ee——dnu
m 8 8F /] EJ

* . . . ' A . -
The term is explaincd in grecater det%ll in the authorts
paper !"Tafel ciniger Knick-3iege-Falle," which will
appear shortly,
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For tho defleoction v, we assume an oxprossion which
satisfies the boundary conditions for u = 0; u = 1/2

and u = l:
. u
v = Sm 31n<n T)

There i1s then obtained: -

/ P 1%\ 1?
5. (1 - Bl Niope o
m \t - =5 8 E g

The maximum bending moment acts at the center and can
be computed from the following equatiorn:

L)

I.‘Imax = £ € <+ Om

After several transformations, there is obtained for

Y.,y the following expression:
. _p o £+ 0.233 (
Uppge = F © Fo1 (1)

The above is truc on the assunption that the buckling mod-
ulus is cqual to the E modulus, It will be explainecd be-
low how this relation applies also in the inelastic range,

We now have an expression for the maximum stress:

_P  Pe ft+ 0.233 »«
Omax = 7+ 7§ £ 1 = Y% (2)
where C© can approximately be set egual to the compres-

o
sive strength of the material, For thin-walled sections

it is advisable to substitute for this the "collapsing"
strength - by which term we may denote the loangitudinal
stress obtained from compression tcsis on short-length
specimens, of slendermness ratio < 10,

An answer has thus been found to the sceccond guecstion
in theé Introduction. The theoretical answer, however, can
only be confirmed by comparison with the test results,

To express the results of equation (2) in the form of
a curve chart, the relation is transformed for the limit-
ing case of maximum load so that opax = 0yo. There is ob-
tained
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: “ SR e ey
. y . PR -
X.-= " § - (3)
: L+ O.Zsﬁhy_
where : :
o) P c "e a
0 Br B
C = ==F ¥V = g== =g X =oep
og’ Pp ~Og i

3o GRAPHICAL PRESENTATION OF THE RESULTS

Chart 1 shows the graph of equation (3)., The abscissa
is the nondimensional ratie =x = e a/1 , which is an ex-
pression for time eccentricity. The fullowing device was
made use of in plotting. The curves were plotted for val-
ues of x from O to 1., For x >1, the reciprocal val-
nes of X were taken and thus ¥y as a function of 1/x
from 1 to O, In this way all possible values of x are
included in the figure, The magnitude c,, which includes
the maximum stress, the slenderness ratio, and the E modu-~
lus or buckling modulus is takem as’ the parameter of the
curves, The ordinate is the gquotient y, = PBr/PEO' This

ratio is equivalent to PBr/PE’ provided the longitudinal

stress is small enough so that the computation with the
elasticity modulus E 1is valid, In order to take into
account also short rods of small ecccuntricity in which
longitudinal stresses P/f may occur which excoced the
stress o_,, tho rupturing load Pgz, for thesc rods was

also referred to the Eulcer load computed with the E modu~
lvus, This, in addition to computational advantages, has
the following advantage for the roprosontation of the re-
sults: If Py, wore refogrcd to ' Pg» then all the cg

parameter curves for x = 0 would end at point y = 1,
This would mean large inaccuracies in the family of curves
for small values of ' x. and Cos

On chart 1 is also shown the limiting curve, To the
right of this curve the 1onviuudina1 stresses are so small
that the buckling computation with the £ modulus is ab-
solutely Jjustified., To.the_.left of the limiting curve,
however, the %trend of tne fqmlly of curves c, dopends on

the material, the p031t10n ‘of-the limiting curve itsclf
depending on the material and to somo extcent on the shape
of the rod cross section,
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To determine the limiting curve, an assumption is made
which is fundamental as regards quesftion 1 in the Introduc-
tion., It is assumed that the longitudinal stress of the
beam P/f determines whether the duckling computation is
to be carried out with the E modulus or with the buck-
ling modulus, If P/f > o,, then the buckling modulus

corresponding to the state of stress is to be uscd in the

computation; while for P/f < Og the B modulus is to be

used, The stress og is thus the c¢riterion in determin-
ing whether the E - modulus or the buckling modulus is to
be used,

The method is clarified in figure 2, Assume a rod is
to be computed of slenderness ratio A,. Dopecnding on the

cccentricity, the rod can take up longitudinal stresscs
which arc smaller or grcater than Gg, up to the failure

load, If they are smaller than Og the E modulus is to

be used. For the slenderness ratio A,, the limiting
point is '

O'B o) o

r g g

EO E, € %
1

where Og and 0, depend mainly on the material dut also
on the shape of the rod. In the relation

og
Ygzﬁgc (4>

we now have a simple expression for computing yg as a

function of c. Substituting (4) in equation (3) in order
to make ¢ approach zero, there is obtained:

Ao 1 -7
X = == g (4a)

o ’.

or, soiving for Ve

= = (4b)
y =
g .
&9 4 0.233 x
23
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~ To compute-the family of curves with paramster cg,
a) an expression for the buckling modulus is. ;ntroduced
in equatlon (3), namely:
0'0-0'

T=23 i

and there ig thus obtained

UO/IG I A ’ro."; Co
X = . "
g 0

1 Oo 33 o

+ 0.2 Oy G,/0 - 1

Qur object, howevor, is to express =X as a function
of- GBrﬁon' Honce the expression takes the following

form:
AT
) efy - 1 - 5= Co
X = AG Q p - (5)
1 4+ 0,233 — —-—-——9-—~~-
Q C/y -

Relations (4a) and (4b) can, of course, be derived
from equation (5) with the aid of (4). It should also be
remarked that c¢/y = co/yo.

b) An expression for the buckling modulus according to the
Tetmajer lines is introduced in equation (3), namely:
o /Y .
T = —= iy
T]'z &DO'//\ /

There is then obtained the following expression for
the family of ¢, paramcter curves to the left of the lim-
iting curve: ' :
: 2
ACT Og

Oa/0 - 1 -
0
(Go - C) GEO o

Ac® Op
1+ 0.233 p g
(6,-0) E,
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Again transforming the above so that =x 1is a functiomw
of OEr/OEO' there is obtained

o - : .2
662 0g o (c/y)

(c/y - 1) =
o (ely -
x = P 2] (6)
Ac*™ Gg o (c/y)
1 + 0,233 ——ps™ .
Go (C/y —l)

In chart 2 the ordinate is the same as in chart 1, bdut

for the abscissa there is taken the ratio ¢, = 0, /0p
o

with x as parameter, The limiting curve can be very sim-
ply drawn in by (4)., To the right of the limitiang curve
the E modulus is to ve used for the computation, while

to the left of the curve the buckling modulus is used,

Sti1l a third form of graphically represcnting the
equations (3), (5), and (5) will now be shown in chart 3.
It is clear that thess curves carn be drawn using the val-
ues for charts 1 and 2, The relations will, however, be
modified to correspond to the new forms of representation,
We are required to find 0g,. as a function of A with x
as parameter, After several transformations there is ob-
tained the relaticn:

2 E.TTE O/GBI‘ - (l + X)

¢
NE T TS
Br 0// Br ~ (1 ~ 0,232 X)

(7)

ficance of the assump-

In the above expression the signif
ng modulus for beam-
3

tion as regards the use of the Dbucxzli:

column computatioans is particularly well dbrovght out., The
limiting curve in this case is 81inlJ the herizontal ¢ =

Og. Above this lize relation (7) must Te transformed and

becomes:

a) with the expression for the buckling modulus

O'O — O
T=E g
L 0o /05y = (14%) 9 ~ 93r (8)
/ = (
(o) - -
gy 0y/0zp - (1-0.233 = Ao

b) and with the buckling modulus according to Tetmajer,
straight lines:
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e , - 0c 2 c /0. = o8\F
A R S
;g FAYo Ag .O"g : AT
.2 B 2 GO/UBT - (1-{-}".‘) - 3 .
A = I (G /G - 1) """""'g""'""‘ (9)
%3¢ 99/%, - (1-0.283 x) ©°' BT By

By means of the family of curves with parameter x,
charts 3a and 3b, the stress due to the axial loads on the
rod is represented. The ftotal stress which can be sus-
tained by the rod in the outer fidbesrs at the middle of its
length is, according to the definition, Oge Thecse rela-
tions arc again presecnted in figure 3., For the ecceniric-
ity =x thec rod can take up an axial load corresponding
to tho stress 0Op,.. The stress duc to the bending is
then Oge

To show more clearly the conditioans on increasing
the axial load, the outer fiber stress o = P/f + M(P)’W
is plotted in f"gure 4 against the axial load P for var-
ious eccentricities for a steel tube o* diametecr 30 X 1
and of length, 100 centimeters. The dotted 1line gives the
increase in purely axial strcss with increasing axial load;
that is, for eccentricity zero. The buckling load Py =
18920 kilograms, It may also be seen that even if greater
stresses than the Euler stresses in the outer fibers are
permitted, no greater longitudinal forces than those of
the Zuler load can be compuited, For the eccentricity of 5
centimeters there is also shown dotted the curve P/f +
/W without buckling deflection. For this large eccen-
tricity, therefore, the buckling effect is vory small,

It consists of the diffcrcnce beiween the continuous and
dotted curves, With deccrcasing oeccentricity the curves
approach the linear stress P/f and the limiting curve Pp.

If the end points of the family of curves for the

stress of 6000 kg/cm?®, namely, thc values for Py, were

plotted against the cccentricity, a diagram similar to
chart 1 would be obtained., The example here chosen corre-
sponds approximately to a value of ¢ = 3,

4, COMPARISON OF THE THEORY WITE TEST RESULIS

With regard to the employment of the buckling modulus
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and the maximum stress, the procedure now is the following:
From the tests, certain values x, ¢, A, etc., are deter-
mined, In charts 4, 5, 6, only those x-parameter curves
were plotted for which tests were conducted., Charts 4 to 6
arc analogous to chart 3, since tho test rcsults are most
clearly represented in this form, Comparison with the test
values provides a critique of the validity of the proposed
computation methods,

The results are typical for buckling testg, particu-
larly for small slenderness ratios, If such tests are not
conducted with laboratory accuracy there igs a large scat-

tering of the results. The tests conducted cannot, however,

be considered as laboratory tests and in practice, buckling
members are not generally manufactured to laboratory pre-
cision, With regard to each of the charts 4, 5, and 6,

the following remarks may be made,

Chart 4: The points with parameter value x = 2 1lie
quite well on the curve and similarly, the points with
parameter x = 1,33 and x = 1l. Only for the values x =
Oe5 for slendernoss ratio A = 40 1is there a strong scat-
tering, Comparing, however, the valucs x = 0,5 for A =
40 and A = ~ 70, it is found that there was hardly any
increasec in the failure axial load on decreasing the
length from a value corresponding to the slenderness ratio
70 to that corresponding to slendsrness ratio 40, As this
result is improbable, these points should be checked anecw,
The two upper points x = 0,5 amd A = 40 indicate that
the value of g, = 3400 kg/cm2 has also been chosen some-

what high, The table below gives the ratio of the eccen-
tricity to the mean radius of the circular tube used in
the tests,

R
7Yy, ®— | 0.5 | 1 | 1,33 | 2
KQagﬁ/ e/rm i 0.25 ! 0.5 g 0,67 ’ 1

Chart 5: The tcst points lie above the theoretical
curve, They could be made to lie morec closcly on the
curves by taking o, somcwhat larger than 3800, The

curve x = 0O indicatecs the need for caution, howecver, in
assuming a higher valuc for Tge

Chart 6: This chart shows tcsts with € scctions
connected as shown in figure 5, The test points lie well
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“on "the theoretical curves, The. buckling curve.of.-a cen-
trally loaded beam which is capable of being freely twist-
ed about its shear center is also shown for comparison. -
the curve being takem from the work of Kappus, Jahrbuch
1937 der Deutschen Luftfahrtforschung, page I 409, It will
here be seen that for the usual slendornoss ratios the cc-
centrically loaded section can sustain a greater longitudi-
nal load than the centrally loaded section which has a lecss
favorable degrco of frocedom, Tho computation of the tor-
sional buckling valucs is given in the appendix.

The eccentric buckling tosts wore extonded dy Jjoining
these and similar rods into a framework, In this casc the
buckling values of the joined rods are naturally somoevhat
higher, This is principally due to their being joined to
the other rods under tensile load,

5, CONCLUDING REMARXS

On the basis of the test values and from couparison
of these values with the theoretical curves, it may be
stated that the buckling process may, with sufficient ac-~
curacy, be represented by the theory given above, Exami-
nation. of the curves leads to the following observations,

It is preferadble to conduct tests on eccentrically
loaded rather than on ceantrally loaded beams., Generally
great difficulty will be found in conducting buckling
tests on centrally loaded beams., Tuhae difficulty consists
in the fact that the buckling value of a centrally loaded
beam is dotermincd by the offset of the necutral axis at
each section from the line joining the points of applica~
tion of the load. The amount of this tolerance, which is
not capable of being measured, is decreased by the pres-
ence of an eccentricity., In buckling tests on centrally
loaded beams failure occurs due to the moment P A where
A is the tolerance., In compression tests on eccentrical-
ly loaded beams, failure is due to the moment P (e + A).
From this it may be seen that the effect of the tolerance
vanishes with increasing value of e.

The tests reported in the present paper are only those
conducted by Focke-Wulf., Results of other previous tests
were also evaluated (Thiclemann, Jahrbuch 1937 der Dcut-
schen Luftfahrtforschung, p. I 386), The reosults agree
almost complctely with our own., One phenomenon, however,
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is there brought out more cleoarly than in our paper. For
large slenderness ratio the test points lie somewhat below
the theoretical curve, while for smaller slenderness ratio
they lie above - and the more so the greater the deflec~
tion due to bending (fig. 6); that is, tho greater oga. 1In
other words, for largc slenderness ratio the stability part
prcdominates in the failurc of the beam, and for small

. slendcrness ratio the stress part predominates and an ef-
fect ariscs that is called the "bending factor." (See ref-
erence 1,) '

Besides the references already given there may be men-
tioned, from the very extensive literature on the subjecct,
the book of Xarl Jezek (reference 2)., This book gives a—
very detailed treatment of the flow processes or what has
beon noted above as "bending factor' and the offect of the
cross-sectional shape, The book is intended particularly
for steel structural problems,

APPENDIX

Torsional Buckling of Centrally Compressed Open Sections
in the Elastiic Range (Reference 3)

According to equations (47), (48), (56), and (58), we
have for the torsional buckling stress Op of a section,
symmetric with respect to the x-axis:

y o
‘ Oy + O Og = Oz \2 2
..8 X S X
X (1) op _-'-'-'"-g'm - /<-~2--*——/ + Py
iH

it

r" _n,g JX
‘O-X = .i-é. 7
G Jp + %% EC
(II) < 0y = 5
P
- 72 ER
Px = =3 —Ew

where
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.(&x moment of inertia with respect to the x-axis
J,, polar moment of incrtia
- Jdo Ly e® torsional resistamce (U = perimeter, s =
g 3 thickness)
(4]
:fﬁRx J ywadPF, dcformation moment for the x-axis
o - o
¢ J w aP -2 (wiF), resistance to deformation about
the conter of gravity
\ unit deformation

For a U-section, cquations (I) and (II), by approxi-
mating the roots of ecquation (I),

can bo put in the form
(see cquations (69) to (72) in the above paper (rofercnce
3)):

. S a2
oL =
o3| A
a ¢
Ay + A - Ay ﬁ 2
fetpm JEGETT
(IV)

2 » &
A, - A
/ (..l'............f?.) + A 32

N 2

<

(4, = 3a“(a_+ 2b) (2a° + 15 ab 4+ 26 b-)
(2a + b) [a(a + 6b) (a + 2b) + 41 (22 + b) ]
A az(a + 6b) (& + 2b)
2 =
4% (22 + b)
(V) < .
4. = ga” (a+2b) (a+3Db)
. =
b(2a+b)v/3 a® (a+6b) (a+2b) + 4b3 (2a+b)]
2
%Eg {(a+2D) s°
B = n &
\ .

[a®(a+6B) (a+2b) + 4b® (2a4b) ]

13
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the specilal cases there is obtained:

2 ~ 2 =
J ox=”2E 0.18 + 0,079 Z‘—)J
X 20 X 0,5 A® L 00
L
- o = T2 (0,51 + 0,136 *
X 15 X 0,5 P2 L7t : 100
REFERENCES
Cassens, J.: Einige Bemerkungen zur Gewichtsfrage,
Querschautt und Gewichtsaufwand. 2Z2.F.M., July
1933, pp. 382 and 383,
Jez&k, Karl: Die Festigkeit von Druckstaben aus Stahl,
Julius Springer, Wien, 1937,
Kappus, Robert: Twisting Failure of Centrally Loaded

Open-Section Columns in the Elastic Range., T.M.
Yo. 851, NACA, 1938,

Translation by S. Reiss,
National Advisory Committee
for Aeronautics.
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Chart 1.
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